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C^ • Abstract 

We propose a nonperturbative definition of AA = 4 super Yang- Mills (SYM). We realize 
AA = 4 SYM on Rx S^ as the theory around a vacuum of the plane wave matrix model. 
Our regularization preserves sixteen supersymmetries and the gauge symmetry. We 
perform the 1-loop calculation to give evidences that the superconformal symmetry is 
restored in the continuum limit. 
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1 Introduction 

The AdS/CFT correspondence [1-3], a typical example of which is a conjecture that type 
IIB superstring on AdS^ x S^ corresponds to A/" = 4 super Yang-Mills (SYM), has been 
intensively investigated for a decade. However, it has not been completely proven yet, 
partially because it is a strong/weak duality with respect to the coupling constants. It is, 
therefore, relevant to give a nonperturbative definition of A/" = 4 SYM that enables us to 
study its strong coupling regime. The lattice gauge theory is a promising candidate for 
such a nonperturbative definition. However, supersymmetric gauge theories on the lattice 
are generally difficult to construct, although there have been remarkable developments on 
this subject [4-8]. To give a nonperturbative definition of A/" = 4 SYM will not only bring 
enormous progress in the study of the AdS/CFT correspondence, but will also yield some 
insights into the problem of nonperturbative formulation of supersymmetric gauge theories. 

It was shown in [9] that a gauge theory in the planar limit is equivalent to the matrix 
model (the reduced model) obtained by dimensionally reducing it to zero dimension if the 
f/(l)^ symmetry is unbroken, where D stands for the dimensionality of space-time. This is 
the so-called large A^ reduction. The global gauge symmetry of the matrix model is naturally 
interpreted as the local gauge symmetry of the original gauge theory. Thus, as an alternative 
to the lattice gauge theory, the matrix model may serve as a nonperturbative definition of 
the planar gauge theory with the gauge symmetry manifestly kept. The U{1)^ symmetry 
is, however, spontaneously broken except for D = 2, so that the above equivalence does 
not hold generically. There have been two improvements of the reduced model in which the 
U{1)^ symmetry breaking is prevented so that the equivalence holds: one is the quenched 
reduced model [10-13], and the other is the twisted reduced model [14]. These improved 
models work well for nonsupersymmetric planar gauge theorie^j. It seems quite difficult to 
preserve supersymmetry manifestly in the twisted reduced model on the fiat space and in 
the quenched reduced model, while the gauge symmetry is respected in both models. 

The compactification in matrix models developed in [20] shares the same idea with the 
reduced model and will be called the matrix T-duality in this paper. While it is not restricted 



^Recent studies on the twisted [15-17] and quenched [18] reduced models of the lattice gauge theory 
oppose this statement, and an improvement of the reduced model was studied in [19]. Anyway, these studies 
do not affect the arguments in this paper directly, because we consider a different kind of reduced model 
and our model has supersymmetry. 



to the planar limit, it requires the size of matrices to be infinite from the beginning for the 
orbifolding condition to be imposed, so that it cannot be used to define any supersymmetric 
gauge theory nonperturbatively as it stands. It was argued in [4] that by imposing an 
orbifolding condition on the reduced model of a supersymmetric gauge theory, one can 
obtain its lattice theory in which part of the supersymmetries are manifestly preserved so 
that the fine-tuning of only a few parameters is required. This construction can be regarded 
as a finite-size matrix analog of the matrix T-duality. However, it has a problem of fiat 
directions which is analogous to the problem of the U{1)^ symmetry breaking. To overcome 
this problem, for instance, one needs to introduce a mass term for the scalar field, which 
leads to no preservation of supersymmetries. 

In [21], Takayama and three of the present authors found the relationships among the 
SU{2\A) symmetric theories, which include A/" = 4 SYM on i? x S^/Zk, 2+1 SYM on i? x 
S"^ [22] and the plane wave matrix model (PWMM) [23]. The last theory is obtained by 
consistently truncating the Kaluza-Klein modes of A/" = 4 SYM on i? x S*^ [24] and so are the 
former two theories [25]. In particular, 2+1 SYM on Rx S^ and PWMM can be regarded as 
dimensional reductions of A/" = 4 SYM on Rx S^. These theories possess common features: 
mass gap, discrete spectrum and many discrete vacua. From the gravity duals of those 
vacua proposed by Lin and Maldacena [25], the following relations among these theories 
are suggested: A) the theory around each vacuum of 2+1 SYM on i? x S*^ is equivalent to 
the theory around a certain vacuum of PWMM, and B) the theory around each vacuum of 
A/" = 4 SYM on i? X S^/Z^ is equivalent to the theory around a certain vacuum of 2+1 SYM 
on R X S'^ with the orbifolding (periodicity) condition imposed. In [21], the relations A) 
and B) were shown directly on the gauge theory side. The results in [21] not only serve as a 
nontrivial check of the gauge/gravity correspondence for the SU {2\4) theories, but they are 
also interesting from the point of view of the reduced model as follows. While there have 
been many works on realizing the gauge theories on the fuzzy sphere [26-29] using matrix 
models [30,31] and on the monopoles on the fuzzy sphere [31-36], the relation A) shows 
that the continuum limit of the concentric fuzzy spheres with different radii corresponds 
to multiple monopoles. Note that realizing the gauge theories on the fuzzy sphere using 
the matrix models can be viewed as an extension of the twisted reduced model to curved 
space. The relation B) can be regarded as an extension of the matrix T-duality to that on 



a nontrivial U{1) bundle, S^/Zk, whose base space is S*^. Indeed, the matrix T-duahty was 
later extended to that on general U{1) bundles in [37] and on general SU{2) bundles in [38]. 
Combining the relations A) and B) leads to the relation C), that the theory around each 
vacuum of A/" = 4 SYM on R x S^/Zk is equivalent to the theory around a certain vacuum 
of PWMM with the orbifolding condition imposed. In particular, for k = 1, A/" = 4 SYM on 
Rx S^ is realized in PWMM. The possibihty of defining A/" = 4 SYM in terms of PWMM 
nonperturbatively is suggested in [21]. The relationships shown in [21] are classical in the 
following sense: in the relation A), we show the equivalence at tree level and do not care 
about possible UV/IR mixing at higher orders, although the gravity duals suggest that any 
UV/IR mixing does not occur. In the relation B), the size of matrices must be infinite from 
the beginning as in the original matrix T-duality. 

In this paper, we propose a nonperturbative definition of A/" = 4 SYM on Rx S^ which is 
equivalently mapped to A/" = 4 SYM on R'^ at the conformal point and possesses the super- 
conformal symmetry, the SU{2, 2|4) symmetry. We restrict ourselves to the planar limit. By 
referring to the relation C) in [21], we regularize A/" = 4 SYM on R x S^ nonperturbatively 
by using PWMM. Our analysis in this paper is quantum mechanical. The restriction to the 
planar limit enables us not to impose the orbifolding condition and to consider finite-size 
matrices such that the size of matrices plays the role of the ultraviolet cutoff. Thus we use 
an extension of the reduced model to curved space rather than the matrix T-duality to relate 
2 + 1 SYM on R X S'^ to J\f = A SYM on Rx S^. Because PWMM is a massive theory, 
there is no fiat direction and the quenching prescription is not needed. Our regularization 
manifestly preserves the gauge symmetry and the SU{2\A) symmetry, a subgroup of the 
SU{2,2\A) symmetry. In particular, sixteen supersymmetries among thirty-two supersym- 
metries are respected in our regularization. The restriction to the planar limit and sixteen 
supersymmetries are probably sufficient to suppress the UV/IR mixing which may break 
the relation between 2 + 1 SYM on i? x S*^ and PWMM quantum mechanically. They also 
stabilize the vacua of PWMM completely. Indeed, the gravity duals of these theories suggest 
2 + 1 SYM on i? X S*^ is obtained from PWMM quantum mechanically in the continuum 
limit at least in the planar limit. The full SU{2,2\4) symmetry should be restored in the 
continuum limit. By performing the 1-loop analysis and comparing the results with those 
in continuum A/" = 4 SYM, we provide some evidences that our regularization of A/" = 4 



SYM indeed works, although our final goal is to analyze A/" = 4 SYM nonperturbatively by 
using our formulation. Our theory still has the continuum time direction, which we need 
to cope with in order to put our theory on computer. For instance, we should be able to 
apply the method in [39-41] to our case. We comment on an interesting paper [42], the 
authors of which constructed the S^ background in the JIB matrix model with the Myers 
term using the same procedure as [21]. They calculated the free energy of the theory around 
the background up to the 2-loop order to find the stability of the background. Note also 
that the authors of [43] discussed practicality of A/" = 4 SYM on the lattice recently. 

This paper is organized as follows. In section 2, we study the large A^ reduction on a 
finite volume. As an example, we consider the 0*^ matrix quantum mechanics. We examine 
how the theory on S^ is obtained from the matrix model that is its dimensional reduction to 
zero dimension, emphasizing the difference between the large A^ reductions for the theories 
on R and S^. In section 3, we review the relationships among A/" = 4 SYM on R x S^ , 2+1 
SYM on R X S^ and PWMM shown in [21]. Based on these relationships and the result in 
section 2, we give a nonperturbative definition of A/" = 4 SYM on i? x S''^ using PWMM. 
In section 4, we perform the 1-loop calculation in our theory to give some evidences that 
our regularization of A/" = 4 SYM indeed works. Section 5 is devoted to conclusion and 
discussion. In appendices, some details are gathered. 

2 The large A^ reduction on finite volume 

In this section, we study the large A^ reduction on a finite volume, focusing on how different 
it is from that on an infinite volume. Let us consider a matrix quantum mechanics, whose 
action is given by 

where 0(r) is an A^ x A^ hermitian matrix. We take the 't Hooft limit: A^ — » oo, A = g'^N = 
fixed. First, we consider the case in which the theory is defined on R, namely — oo < r < oo. 
The prescription of the large A^ reduction is to make the following replacement [11-13]: 

dr ^ — , (2.2) 





{'^) (b) 

Figure 1: 2-loop diagrams for the free energy: (a)planar and (b)nonplanar 

where (p in the right-hand side of the first equation is no longer dependent on r and A is an 
ultraviolet cutoff. P is a constant N x N matrix given by 

P = diag(pi,p2, ■■■ ,P7v) (2.3) 

with Pi = -^{i — y)- We take the limit in which 

A ^ oo, N -^oo, A/N -^ 0. (2.4) 

Note that A/N is an infrared cutoff. The action (12.11) is reduced to 

^« = X (^ 5Z((P^ - P^y + -^')l'^^/ + \9'M<I>')\ ■ (2.5) 

In order to illustrate the large A^ reduction, we see that the free energy of the original 
model fl2.ll) agrees with that of the reduced model fl2.5p at the two-loop level. There are 
two diagrams at the two- loop level for the free energy. Fig. l-(a) shows the planar diagram 
while Fig. l-(b) shows the nonplanar one. We evaluate the planar diagram in Fig. l-(a) for 
the original model: 

FLl7/yol = In^X [ S^j-r—Jr-r—:^- (2.6) 



P''^"'*"^ 2 J (27r)2(p2 + ^2)(g2 + ^2) 

The nonplanar diagram in Fig. l-(b) for the original model is suppressed by the order of 
1/A^2 compared to the planar one in Fig. l-(a). On the other hand, we evaluate the planar 
diagram in Fig. l-(a) for the reduced model: 

FR,plaLr/i^^/^) = 2^' [■^) Z2 ((p,-p,)2 + m2)((p._p,)2 + ^2) 



)3 [o-rrl Z^ ('r,2 I ^2W„2 I _2V ^ ' ) 



2 \27iJ ^--^ {pj + rn?){j>'] + w?)' 



«j 



By using the relation valid in the limit fl2.4p . 

one can easily verify that F [^°°^ /Yo\ = Fjfp°^^j,/{2n/A). Indeed, one can prove that 
Fpianar /yo\ = F R^pianar / {'^T^ / ^) holds at all orders. We further evaluate the nonplanar dia- 
gram in Fig. l-(b) for the reduced model: 

^R,nonplanarl\^'^l^) = ^9 (^) Z^ ^ 

= -N^\l- X (^\ . (2.9) 

Note that there is no correspondence for the nonplanar diagram between the original and 
reduced models. The nonplanar contribution (12. 9p is suppressed by the factor (A/A^)^ in 
the limit (12. 4p . relative to the planar contribution (12. 7p . All the nonplanar contributions are 
indeed suppressed relative to the planar contributions in the reduced model. The reduced 
model therefore reproduces the 't Hooft (planar) limit of the original model. 

Next, we compactify the r-direction to S^ with the radius R. We evaluate the planar 
diagram in Fig. l-(a) for the original model: 

^planar = 9^ -^ / w r,2 , ^7772 ' ^5 (2.10) 

where we take the N —>■ oo limit with A = g'^N/{2TtR) fixed. Note that the nonplanar 
diagram in Fig. l-(b) for the original model is still suppressed by l/N"^ relative to the planar 
diagram in Fig. l-(a). Correspondingly, we consider the reduced model 

~Sr = \ E((p^ - P^f + ^")\^^^" + ^^^Tr(0^) (2.11) 

with Pi = ^{i — y)- T^^^^ naive reduced model turns out not to reproduce the original 
model on S^. The contribution of the planar diagram in Fig. l-(a) to the free energy for 
this reduced model is 
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2— loop 
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while that of the nonplanar diagram in Fig. l-(b) is 



\aT.^, = \AN:^,. (2.13) 



T-i2— /oop 
R,nonplanar /^^n ^_^ ^ 4-^^" ,^^ 



(I2.13P is not suppressed relative to fl2.12p . because the infrared cutoff 1/i? is finite in this 
case. Thus the correspondence between the original and reduced models fails in this case. 

In the following, we modify the reduced model (12.51) to recover the correspondence. The 
action of the modified model takes the same form as (12. lip while is a A^(T + 1) x A^(T + 1) 
matrix, i, j run from 1 to N{T + 1) and "pi is given by the z-component of the matrix 

1 / T T T\ 

P = -diag (^--, -- + 1, . . . , - j ® U. (2.14) 

Here T is a positive even integer. We take the limit in which T —>■ oo, N ^>- oo, X = 
gj^N = fixed. T turns out to play the role of the ultraviolet cutoff for the momentum. In 
the modified model, the contribution of the planar diagram in Fig. l-(a) to the free energy 
is 

1 ^ 1 



rp2-loop _ _„2 Ar3 

^ MRManar ~ n^R^^ 



= -Ar'(T + l)Ay^ ^—^ (2.15) 

Then, we see that F^'^""^ = fI~^°°[^^^J {T + 1). Indeed, it is easily verified that Fpianar = 
Fm R,pianar / {T + 1) holds at all orders. On the other hand, the contribution of the nonplanar 
diagram in Fig. l-(b) to the free energy for the modified model is 



F^M^Znplanar = P'rN Y. ^, = \{T + 1)A-1. (2.16) 



m^ 4 m^ 

T 



This is suppressed by l/N"^ relative to (I2.15p . All the nonplanar contributions are indeed 
suppressed relative to the planar contributions in the modified model. Hence, the modified 
model reproduces the 't Hooft (planar) limit of the original model on 5*^. 
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For D-dimensional pure Yang-Mills (YM), the reduction analogous to fl2.2p leads to 



27r 1 



Sym,r = - — — Tr[P^ + A,, P, + A,]\ (2.17) 



where P^ is the D-dimensional analogue of (12.31) . It is known that the reduced model 
()2.17p does not reproduce the original YM, because the diagonal elements of A^ are zero- 
dimensional massless fields and instable enough to absorb P^. This is interpreted as the 
counterpart of the U{1)^ symmetry breaking in the reduced model of the lattice gauge 
theory. Usually, in order to overcome this problem, the eigenvalues of P^ + A^ in (12.171) are 
fixed to P^ [12]. This is a quenching prescription. While the gauge symmetry is respected 
in this prescription, supersymmetry is not. In the case we are concerned with in this paper, 
we want to respect both symmetries simultaneously. We see how this problem is overcome 
in the next section. 

3 Realization of A/" = 4 SYM ow R x S^ in terms of 
PWMM 

In this section, we review the relationships among A/" = 4 SYM on P x S^ , 2+1 SYM on 
R X S"^ and PWMM shown in [21], and we propose a nonperturbative definition of A^ = 4 
SYM on P X S^, based on these relationships and the result in the previous section. 

3.1 A/" = 4 SYM on Rx S^ and the SU{2\4:) theories 
The action of A/" = 4 SYM on P x S^ takes the fornti 

%x53 J W2)^ V 4 2 2 

',t^2r^AB /'„/,t nTi jAT2 



+^\a\^^",{^iY]-r'^'[^AB.r]). (3.1) 

Here a, h are the local Lorentz indices and run from to 3. "0" corresponds to the time, 
t. y4, B are indices of the fundamental representation of S'f/(4) and run from 1 to 4. 



^In this paper, we change the notation used in [21,44] as follows: Yi -^ Xi, Xab -^ ^ab, 4' ^ X- 



AB 



^AB = —^BA and ^"^^ = ^e'^^'^'^^cD ■ The radius of S^ is 2//i. This theory possesses 
the superconformal symmetry, the SU{2, 2|4) symmetry. The action of 2+1 SYM on Rx S^ 
takes the form 

Sr.s^ = -^ f dt^Trfl-iDtX - tfiL^'^Atf - ^(/iX + ^(/iL^") x X - X x Xyf 

Z Z o 4 

(3.2) 
where 

L(°) = -ie^de + i^—^eed^ (3.3) 

sm a* 

with Cj. = (sin^cos(/9, sin^sin(/9, cos^), ^e = ^ and e^ = ^j^^, ^ = /i-^*-"-* — [X, ] and the 
radius of S"^ is 1/yU. The action of PWMM takes the form 

Spw = ^ [-,Tt f ^(AX,)' - i(/iX, - ^e,,fc[X,,Xd)2 + l-D.'^ABDt'^^'' - ^<I>ab^ 
9pw i ^ V^ Z Z Z 8 

-^4V^^ + 4^1X„^^] +4a^[$^^(4)^] - irfa'[<^AB,r]^ 

(3.4) 

Both 2+1 SYM on Rx S"^ and PWMM possess the SU(2\4) symmetry, which is a subgroup 
of the SU{2, 2|4) symmetry and has sixteen supercharges. 

In the reminder of this section, for simphcity, we ignore the time component of the gauge 
field At and the matter degrees of freedom, ^ab and ^'^. It is easy to include these degrees 
of freedom in the arguments. All the statements in the following are also valid with these 
degrees of freedom. 

3.2 S^ and S^ 

First, we summarize some useful facts about S^ and 5^ (see also [38]). We regard S^ as the 
SU{2) group manifold. We parameterize an element of SU{2) in terms of the Euler angles 

as 

9 



where 0<9<'K,0<ip< 27r, < ^p < in. The periodicity with respect to these angle 
variables is expressed as 

(9, if, V) ~ (^, <^ + 27r, ^ + 2n)r^ (9, ip,^ + Att). (3.6) 

The isometry of S'^ is 50(4) = SU{2) x SU{2), and these two 5t/(2)'s act on g from left 
and right, respectively. Note that the superconformal group S'f/(2,2|4) includes the 5*0(4) 
group as a subgroup. We construct the right-invariant l-forms, 

dgg-' = -«/iEV,/2, (3.7) 

where the radius of S^ is 2//x. They are explicitly given by 

E^ = — (— sin ipd9 + sin 9 cos ipdip) , 

E'^ = — (cos (fd9 + sin 9 sin (fdip) , 

^3 = l(ci(^ + cos^#), (3.8) 

and satisfy the Maurer-Cartan equation 

dE' - ^ei.uE^ AE'' = 0. (3.9) 

The metric is constructed from E^ as 

ds^ = E'E' = ^ (d9^ + sin^ 9dip'^ + (dip + cos 9dip?) . (3.10) 

The Killing vectors dual to E^ are given by 

A = --Ef5M, (3.11) 

where M = 9,ip,ilj and -E^^ are inverse of Elj. The explicit form of the Killing vectors are 

Ci = —i { — sin ipdg — cot ^ cos (pd^j^ H -Sw, ) , 

V smfe' / 



C2 = —i [ cos ifde — cot 9 sin y9c?<^ H — -, — -d^ i , 



simp , 
sin 9 
Cs = -td^- (3.12) 



Because of the Maurer-Cartan equation (13.91) . the Killing vectors satisfy the SU(2) algebra, 
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One can also regard 5*^ as a f/(l) bundle over 5*^ = SU{2)/U{1). S^ is parametrized by 
6 and ip and covered with two local patches: the patch I defined by < ^ < tt and the patch 
II defined by < ^ < tt. In the following expressions, the upper sign is taken in the patch I 
while the lower sign in the patch II. The element of SU{2) in (13. 5p is decomposed as 

g = L-h 

with L = e-^'^"^/2e-^^"2/2e^^^"3/2 ^^^ J^ ^ ^-i{i>±^)a3/2 ^g^^g^ 

L represents an element of S^, while h represents the fiber U{1). The fiber direction is 
parametrized hj y = tp ±ip. Note that L has no (/^-dependence for ^ = 0, vr. The zweibein of 
S"^ is given by the i = 1,2 components of the left-invariant 1-form, —iL~^dL = fie^ai/2 [45]. 
It takes the form 

e'^ = — (± sin {pd9 + sin 9 cos (pd{p), 
/i 

e^ = — (— cosv5(i6' ± sin6'sin(y9(i(^). (3-14) 

/i 

This zweibein gives the standard metric of S"^ with the radius l//i: 

ds^ = \(de^ + sm^eip^). (3.15) 

Making a replacement dy -^ —iq in (13.121) leads to the angular momentum operator in the 
presence of a monopole with magnetic charge q at the origin [46] : 

Til) ■( ■ A , ^Q A ^ l^cos^ 

LV' = z(sm (fiOe + cot fJ cos (pOu,) — q — cos </?, 

sin 6* 



t(i) ■( a > ^a ■ A ^ l^cos^ . 

Ln = t[— cosifiOe + cot u sm (po^) — q — sm^p, 

siiaO 

Lf = -id^Tq. (3.16) 



where q is quantized as g = 0, ±|, ±1, ±|, ■ ■ ■ , because y is a periodic variable with the 
period 47r. These operators act on the local sections on S"^ and satisfy the SU{2) algebra 
[Lj , Lj ] = ieijkLj^ . Note that when g = 0, these operators are reduced to the ordinary 
angular momentum operators (13.31) on S^ (or R^), which generate the isometry group of S"^, 
SU{2). The SU{2) acting on g from left survives as the isometry of S*^. Note that in 2+1 
SYM on R X S^ the isometry of S"^ is included in the SU{2\A) symmetry as a subgroup. 
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3.3 Dimensional reductions 

We dimensionally reduce the higher dimensional theories to the lower dimensional theories 

[24,25,37,38]. We start with AT = 4 SYM on i? x S^: 

Sr.s^ = -^ [ ImF a *F). (3.17) 

9rxS3 JRxS3 ^ 

We put A = XiE"^ (note that we have ignored At). Then, the curvature 2- form is given by 



F = dA-iA^A 

= dtXidt AE' + ifiCiXjE' A E^ + XidE' - iXiXjE' A E^ 

. a.X,,. . E' . 1., (,A, . .„„„£,X„ - 1[A-,. A-J,) E' . E>. (3.18, 

By using (13.181) . we rewrite (I3.17P as 

Srxs^ = — / dt ^ Tt I -{dtX,)^ - -(fxXi + ieijkif^CjXk - -[Xj,Xk])j J . 

(3.19) 
By dropping the ^/-derivatives in (I3.19p . we obtain 2+1 SYM on i? x S*^: 



Srxs^ — ~2 
9r 



L^Jdt^TT UidtX.f - 1 Lx, + tu,,{fiLfx, - i[X„X,])y j , (3.20) 



where gl^g^ = ^%^. Thus we obtain 2+1 SYM on i? x ^^ f^^^ AT = 4 SYM on i? x 5^ 
by dimensionally reducing the fiber direction of S^ viewed as a ?7(1) bundle over S"^. One of 
two S'f/(2)'s that are the isometry of S^ survives as the isometry of S"^. Correspondingly, the 
superconformal symmetry, SU{2,2\4), reduces to the SU{2\A) symmetry. It is convenient 
for us to rewrite (13.201) using the gauge field and a Higgs field on S"^. We decompose Xj into 
the components tangential and horizontal to S'^ [22]: 

X = xer + aie^ - 0269, (3-21) 

where ai and 02 are the gauge field on S'^ and x is the Higgs field on S^. Substituting (13.211) 
into (13120]) leads to 

Sr.s^ = -^ [dt^Tr (lidta^^r + hdaY - kfi2 - f^xY " Ud^'XY) , (3.22) 
9rxs^ J f^ \^ ^ ^ ^ / 
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where a' run from 1 to 2. Dropping all the derivatives in (13.201) . we obtain 

Spw = -^j ^Tr ( i(9,X,)2 - 1 Lx, - '-e,,k[X„ X,]\ j , (3.23) 

2 

where gp^r = -^f^- Thus PWMM is obtained from 2+1 SYM on i? x S*^ by a dimensional 
reduction. In this reduction, the SU{2\A) symmetry is preserved. 

3.4 Vacua 

While A/" = 4 SYM on i? x 5^ possesses the unique vacuum, 2+1 SYM on i? x S*^ and 
PWMM possess many nontrivial vacua [23,25]. Let us see how those vacua are described. 
First, the vacuum configurations of (I3.22p with the gauge group U{M) are determined by 

/i2 - /iX = 0, 

Da'X = 0. (3.24) 

In the gauge in which x is diagonal, (13.241) is solved as 

ai = 0, 

cos 6' + 1 „ 
smt7 
X = /idiag(--- , g,_i,--- ,gs-i ,g^,--- ,gs, gs+i,--- ,g^+i^ , •••), (3.25) 

where the gauge field takes the configurations of Dirac's monopoles, so that g^ must be half- 
integers due to Dirac's quantization condition. Note also that Yls ^s = M. Thus the vacua 
of 2+1 SYM on R X S^ are classified by the monopole charges Qs and their degeneracies Ng. 
The vacua preserve the SU{2\A) symmetry. (I3.24p is rewritten in terms of the notation in 
( 13:20]) as 

nXi + ineijklf^Xk - -eijk[Xj, Xk] = 0, (3.26) 

which is equivalent to 

[/iLf - X„ fiLf - X,] = tfie,,k{f^Lf - Xk), (3.27) 
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and (I3.25P is rewritten as 



//Lf ^ - Xi = Aidiag(- ■■ ,L 



(qs-i) 



riQs-i) T(gs) r((?s) r(gs+i) r(gs+i) 






(3.28) 



A^.-i 



Af. 



A^s- 



where X = xe,. + aie^ — 02651. 

Next, the vacuum configurations of fl3.23p witli tlie gauge group ?7(M) are determined 
by 



[Xj,Xj] — —ifxeijkXk 



(3.29) 



(I3.29P is solved as 



Xi — -~nLi 



(3.30) 



wfiere Lj are tlie representation matrices of tlie SU{2) generators which are in general re- 
ducible, and are decomposed into irreducible representations: 




(3.31) 



V / 

where L^ are the spin j representation matrices of SU{2) and '^sNs{2js + 1) = M. The 
vacua of the matrix model are classified by the SU{2) representations [js] and their degenera- 
cies Ng. (I3.3ip represents concentric fuzzy spheres with different radii. The vacua preserve 
the SU{2\4:) symmetry. 
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3.5 Higher dimensional theories from lower dimensional theories 

In what follows, we obtain the higher dimensional theories from the lower dimensional the- 
ories. First, we recall the relationship between the theory around fl3.28p of 2 + 1 SYM on 
R X S^ and the theory around fl3.30p of PWMM, which was shown in [22] for the trivial 
vacuum of 2+1 SYM on R x S"^ and in [21] for generic vacua. We introduce an ultraviolet 
cutoff Nq and put 

2qs = 2js + 1 - iVo (3.32) 

^ ^ ^. (3.33, 

Then, the theory around fl3.28p is equivalent to the theory around (13.300 in the limit in which 
Nq ^ oo with qs and Qrxs^ fixed. The equivalence is proved as follows. We decompose the 
fields into the background corresponding to (13.281) and the fiuctuation as X^ -^ X}*' + 
X}*' , where (s,t) label the (off-diagonal) blocks. Note that X}*' is an Ns x Nt matrix. 
Then, (I3.20p is expanded around (13.281) as 

yRxS'i J ^^ s,t 



(/iXf^-n ./ie.,.Lf *)X^*) - le.,4X„X,](^'*)) 
X T/iXf'^) +^/xe,,„L;'"^)x(^'^) - \,,„[Xi,X„](*'^ 



(3.34) 



where 

Qst = qs- qt- (3.35) 

We make a harmonic expansion of (I3.34p by expanding the fluctuation in terms of the 
monopole vector spherical harmonics Yj ■: 

X^"^ = E E E ^'jZ'^Jm,. (3.36) 

P=0,±lQ>|g,t|m=-Q 

where p stands for the polarization, Q = J + 5pi and Q = J + 5p_i. The properties of the 
monopole spherical harmonics are analyzed and summarized in [21,38,47] and references 
therein. Substituting (I3.36P into (13.341) yields 



An f dt 



SrxS^ = — / — tr 



9rxS^ J f^ 



lj:^'jt'jid^-f^'pv+m4t 



2 

s,t 
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I • \ ^ (J I 1 N C (*'*) (*'") {^)«) 

+ ^/^ / , PlWl + -LJ^JimigstPi J2m2gtup2 Jam^quspa^ Jmnpi^ J2m2p2^ Jamapa 



s,t,u 



+ - Yl (_l)™-g.„+l^ 



s,t,u,v 



J-mqusP Jimiqstpi J2m2qtup2^ Jmqsup Jzrnzq^vpa Jim^q^sPi 



(s,t) (t.u) (u,v) (v,.s) 

•^ Jiniipi-^ J2m2p2 Jsmsps-^ J4m4Pi 



(3.37) 



where £j^m^q,,p^ J2m2qtuP2 Jzrmq^sPi IS defined by 

dVt2 



^JimiqipiJ2m2q2p2J3m3q3p3 



. tijfc Jimiqii J2m2q2J Jsmsqsk 



6(2Ji + l)(2Ji + 2pf + 1)(2J2 + 1)(2J2 + 2pl + l)(2Js + 1)(2J3 + 2pl + 1) 
^ Q J^ ^ \ \ ^1 ^2 ms J \ qi q2 q3 



(3.38) 



and we have used the equahty 



ze 



ijk-l^i ^Jmak + ^Jmai ~ Pl"^ + -'-J^Jr 



Jmqi' 



(3.39) 



Similarly, decomposing the matrices into the background given by (I3.30p and the fiuctu- 
ation as Xj — i> Xj + Xj leads to the theory around (13.301) : 

No [ dtl ' 



S 



PW 



9pw i P 2 



E 



tr 



d,x\'''^dtXt^ - ( /iXf '*) + ^^^e,,uL, o X^^'*) - ^e.^^X,, X,](^'*) 



X I /iXf '^^ + iiiea^U o X(^'^) - -e,z„[X;, X„](*'^) 



where LjO is defined by 



L o X-'^'*^ = L--'''''X-'^'*^ — X-'^'*^L?-"' 



The gauge symmetry of the above theory is expressed as 



(3.40) 



(3.41) 



(3.42) 



We make a harmonic expansion of (I3.40p by expanding the fiuctuation in terms of the fuzzy 
vector spherical harmonics Yj ,. . y defined in appendix A as 



Jin{jsjt)i 



X 



(s,t) 



js+jt 



A^ A^ A^ ^Jmp®^Jm{j,jt)i- 

p=0,±lQ>|j^_jj|m=-Q 



(3.43) 
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^jmp i^ (13.431) is an A^^ x Nt matrix. Since js + jt = Nq + Qs + qt — I, Nq plays the role of 
the ultraviolet cutoff. Note also that js — jt = Is — It = Ist- Substituting fl3.43p into (13.401) 
yields 






•^Jmp 



9PW J /^ 



s,t,u 



"•"9 / j\ ^1 ^J-m{jujs)p Jimi{jsjt)pi J2m2{jtju)p2^J 



r) / ^ \ -/ - ^-"^\jujs)p Jirax{jsjt)pi J2m2{jtju)p2^Jra{jsju)p Jzmz{jujv)pi Jim4,{jvjs)pA 



s,t,u,v 



^, (s,t) (t,M) (m,1)) {v,s) 



(3.44) 



where ^Jimi0j')pi -^2^2 (j'i")p2 Jama (j"j)p3 is defined in (IA.14p and we have used flA.lOp . In the 
A^o ^ 00 limit, the ultraviolet cutoff goes to infinity and 

^Jimi(jfsjt)pi J2m2{jtju)p2 J3'm3{juja)p3 ^ ^Jimiqstpi J2m2qtup2 JamzqusPi [oAO) 

because the 6-j symbol behaves asymptotically for i? ^ f as [48] 

f a b c 1 (-l)^+^+c+2(^+e+^ / a b c \ 

\d + R e + R f + Rj^ .J2R V^-/ f-d d-ej' ^^^ 

Namely, this limit corresponds to the commutative (continuum) limit of the fuzzy spheres. 
Hence, in the A^o ^ 00 limit with gpi^/No = 5(^^^2/(471) and Qs = js — ^ + I fixed, (13.441) 
agrees with (I3.37p . We have proven our statement. 

This equivalence is classical in the following sense. The asymptotic formula (I3.46P holds 
for a,b,c <t^ R. Namely, the reduction (13.450 is valid for Ji, J2, J3 <^ A'o- Thus the equiva- 
lence is true at tree level. The loop effect may cause a deviation between the two theories 
quantum mechanically, since in the loop JuJiiJz can be 0{Nq). Part of this deviation 
should be attributed to the UV/IR mixing^. Suppose we restrict ourselves to the planar 
limit, in which N^ -^ 00 with g\^g2Ns fixed. Then, this restriction and sixteen supersymme- 
tries are probably sufficient to suppress the UV/IR mixing, namely the noncommutativity in 
the continuum limit. Furthermore, as we discuss later, they completely stabilize the vacua 
of PWMM. Thus, the equivalence should also hold at the quantum level. Indeed, the gravity 



^ What we call the UV/IR mixing here is investigated as the noncommutative anomaly in [49,50] 
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duals of 2+1 SYM on Rx S"^ and PWMM proposed in [25] support this conjecture [21,51]. 
In the next section, we give an evidence that the UV/IR mixing does not exist. 

Next, we recall that the theory around a certain vacuum of 2+1 U{M = N x oo) SYM 
on Rx S^ with the orbifolding (periodicity) condition imposed is equivalent to U{N) A/" = 4 
SYM on i? X S^, which was shown in [21] (See also [37,38]). This is an extension of the 
matrix T-duality to that on a nontrivial fiber bundle, S^ as a U{1) bundle over S"^. The 
vacuum of 2+1 SYM on i? x 5*^ we take is given by (13.281) in the A^o ~^ oo limit with s 
running from — oo to oo, g^ = s/2, Ng = N and —gji^^s^ ~ 9rxs^- ^^ decompose the fields 
on S"^ into the background and the fluctuation 

Xi-^Xi + X, (3.47) 

and impose the periodicity (orbifolding) condition on the fluctuation 

The fluctuations are gauge-transformed from the patch I to the patch II as [37] 

Xf -*) = e-*(^-*)^xf-*\ (3.49) 

We make the Fourier transformation for the fluctuations on each patch to construct the 
gauge field on the total space from: 

x,(t,^,y,,V^) = Y.x'tKt.eM^-'^^'"''- (3.50) 

We see from (13.491) that the left-hand side of (13.501) is indeed independent of the patches. 
Using (13.501) . we obtain 



L^*)xf'*)(e,^) = i-l ^dyAX,(^,^,V')e^^( 



Ait 



-1 n^TT 

(X,(0, ^)X,{9, ^))(^'*) = —j dyX,{e, if, ^/j)X^{e, cp, ^)e^^(-%, (3.51) 

and so on. Then, we see that (I3.34p equals J2s ^ (13.171) . We divide an overall factor J2s ^'^ 
extract a single period and obtain U{N) A/" = 4 SYM on i? x S^. Of course, we can verify 
this equivalence by seeing the agreement of the harmonic expansions of the two theories. 



We expand Xi{t,9,{p,i/j) in terms of the vector spherical harmonics on S^, Yj^^-{9,{p,ilj) 
(See [21,38,44,47]): 

Q Q 

x,{t,e,^,ij)= J2J2T.Y1 xj™™p(t)rL^,(^,^,^), (3.52) 

p=0,±l J m=-Q m=_Q 

where J run over all non-negative integers and half-integers. Q = J + Spi and Q = J + 6p^i 
are the spins for the two SU (2)^s of the isometry of S^. Note that the SU{2) whose spin is 
Q is broken in 03.2Up . By using the equality 

yL,^iO,v)=e''''Yj^,,{9,^,^P), (3.53) 

we can easily show that the harmonic expansion of 03.19p agrees with (13.371) / V^ in the 
present set-up with the correspondence 

^Jmp "^ ^Jm\{s-t)p- (3.54) 

Namely, \{s — t) is identified with fh. 

Combining the above two equivalences, we see that the theory around (13.301) of PWMM 
in the Nq ^ oo limit, where s runs from — oo to oo, 2js + 1 = A^o + -5 and Ng = N, is 
equivalent to U{N) TV = 4 SYM on i? x ^^ jf gl^/N^ is fixed to %|l^, the periodicity 
condition is imposed on the fluctuation and the overall factor S^ is divided. 

3.6 Proposal for a nonperturbative definition of AA = 4 SYM 

The relationship between A/" = 4 SYM owRxS^ and 2+1 SYM on RxS^ is again classical for 
the following reason, and so is the relationship between A/" = 4 SYM on Rx S^ and PWMM. 
In order to construct a well-defined quantum theory, we need to introduce an ultraviolet 
cutoff to the momentum of the fiber direction, which corresponds to w in (I3.50p . Namely, we 
should consider finite-size matrices by making s, t run from — T/2 to T/2 with T an ultraviolet 
cutoff. In this situation, however, the periodicity condition (13.480 is not compatible with the 
gauge invariance. In order to resolve this problem, referring to the result for the modified 
reduced model in the previous section, we discard the periodicity condition and take the 
hmit in which A/'o -^ oo, T ^ oo, A^ ^ cx), T/Nq -^ 0, ^^ = %f^ = %g? = fixed. 
In this case, the S^ in the previous section corresponds to the fiber direction of 5*^ viewed 
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as a U{1) bundle over S*^. Our theory is a one-dimensional massive theory, so the instability 
discussed in the last part of the previous section is suppressed. Moreover, the SU{2\4:) 
symmetry preserved by the vacuum (13.301) completely stabilizes the vacuum. Indeed, the 
result in [52] ensures the perturbative stability, and it is easily seen from the result in [53] that 
the nonperturbative instability via the tunneling to other vacua of PWMM caused by the 
instantons is suppressed in the N ^ oo limit. Thus, we do not need any quenching, and we 
can respect the gauge symmetry and the SU{2\4) symmetry, namely half of supersymmetries 
of A/" = 4 SYM on i? X 5*^, simultaneously. Indeed, (13.421) should correspond to the gauge 
symmetry of A/" = 4 SYM on R x S^. The noncommutativity probably vanishes in the 
continuum limit as mentioned before. 

To summarize, we propose a nonperturbative definition of A/" = 4 SYM on R x S^ as 
follows. We consider the theory around ( I3.30p of PWMM with 

-T/2<s< T/2, 
2js + 1 = A^o + s, 
Ns = N. (3.55) 

We take the limit in which 

Nq -^ oo, T — > oo, A^ — > oo, 

with ^ - and ^ = Y^.gLs^N = fi^ed. (3.56) 

Then, we obtain the 't Hooft (planar) limit of A/" = 4 SYM on i? x S*^. The condition 
T/Nq — > can be relaxed to A"o ~ f' ^ cxd that should be required to obtain the continuum 
spheres. For simplicity of the analysis, we adopt the stronger condition T/Nq — i> in this 
paper. The result should not depend on how to take the limit. Our formulation preserves 
the gauge symmetry and the SU{2\A) symmetry. It is, in particular, remarkable that it 
preserves sixteen supersymmetries. We need to check the restoration of the superconformal 
symmetry SU{2,2\4) to verify that our formulation does work well. The restoration of the 
superconformal symmetry should imply that no UV/IR mixing occur. In the next section, 
we give some evidences for the restoration of the superconformal symmetry. 
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{T-a) {T-b) 






/ 



'0000\ ^ 



Figure 2: Tadpole diagrams. The curly line represents the propagator of Xj. The wavy line 
represents the propagator of At. The dotted line represents the propagator of the ghost. 
The sohd line represents the propagator of ^ab- The dashed line represents the propagator 

of V'^- 

4 Perturbative analysis 

In this section, we perform a perturbative expansion of the theory around (]3.30p of PWMM. 
In the beginning, we do not assume (13.551) or (13.561) . We make a replacement Xj ^ Xj + Xj 
in (13. 4p . We adopt the Feynman-type gauge and add the following gauge fixing and Fadeev- 
Popov terms to the action: 

-^ [ ^Tr (-h-dtAt + tfi[Li, Xi]y + icdtDtc + ^ic[L,, tfi[Li, c] - «[X,, c]] ) . (4.1) 
9pw J /^ V 2 J 

The resultant gauge-fixed action is written down in (IB.ip in appendix B. The mode expansion 

of the fields is given in (IB. 61) . which of course includes (I3.43p . The harmonic expansion of 



the gauge-fixed action is given in (]B.7p . (JB.IOP and (IB. lip which are a counterpart of (I3.44p . 



One can read off the propagators from (1B.7P as in (1B.9P and the vertices from (IB.lOp and 

(tHUD. 

First, we calculate the 1-loop contribution to the tadpoles. The only possibly nonzero 
contribution is the truncated 1-point function for Xj^p{p)ij, where i,j run from 1 to Ns and 
p is dual to t in the Fourier transformation. This quantity takes the form 

2rr6{p)6st6,j6p _i5jo5„.o5^,T^'^- (4-2) 

There are five 1-loop diagrams for this 1-point function as shown in Fig. 2. Note that all 
these diagrams are planar ones. The diagrams (T — a) and (T — b) completely cancel each 
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other. Below we list the value of T'^'*) for each of the remaining diagrams. 
{T-c) = i//No$^W.(-l)''+'-+'Vfi(fi+ l)(2fl+ l)(2fi+ 1) 



x(7^^ + ^4^+ .,.,' ^..J ^'""!. (4.3) 



2^ 

t,R 

^\iR+iy' R^ ' R^I\R+lf/^J U*^^^^ 
{T-d) = 12/v^5^iV,(-l)«+^-^+^V^(^+ l)(2i?+ 1){,- ,"; ,";}, (4.4) 

t,R 

(T-e) = -^x(T-rf), (4.5) 

where g^ = g'pwf^'^/^o- The 6-j symbol in the above expressions can be written explicitly: 

r 1 i? ijl / ^ vn+Js+R+i 1 Us - Jt) Us +jt + i) + R{R+i) ,^ g. 

^'' '' ''^ 2 v/js(j. + l)(2j. + l)i?(i?+l)(2i?+l)' 

By using ( 14. 6p and j^ = ^ + gs — ^, we sum up the contributions to the tadpole: 

{T-c) + {T-d) + {T- e) 

No-l+Qs+qt ^ / 1 \ \ 

= g'^^Nt ^ F(i?) ( (g, - gj) + (i?(i? + 1) + /^-independent terms) X O ( — J J , 

t R=\qs-qt\ ^ \ 0// 

(4.7) 
where 

FW = 4-l(2fi+l)(i^ + g^+ ^3,,^^\^^3,, ). (4.8) 



The first term in ()4.8p comes from (T — d) and (T — e) while the second term from (T — c) 



The asymptotic behavior of F{R) for large i?, 



^(«)- 81^ + "(7^1- (^■^' 



tells us that in the Nn -^ 00 limit 



(T-c) + (T-rf) + (T-e)=/5]iV, f; F{R){q.,-q,) + o(^-^^ 



(4.10) 



iJ=|g3-gt| 

We find no A^o-dependent divergences. 
We see that 



^iV,((r-c) + (r-rf) + (T-e)) = 0. (4.11) 
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This means that the vev of Ylsi^JmpiP)ii ^^^^ corresponds to the one-point function for 
the overall U{1) field on R x S^ indeed vanishes. This is consistent with the fact that it 
is a free field decoupled from the other fields when in the theory around fl3.28p one takes 
the Feynman-like gauge, to which the gauge corresponding to ( 14.1 p reduces naively in the 
No ^ oo limit. One can easily verify from (14. 8 p that if there is no super symmetry, the vev 
of the one-point function for the overall U{1) field does not vanish. Note that this happens 
even with the restriction to the planar limit since all the tadpole diagrams in Fig. 2 are 
planar. In [54], the same phenomenon was observed in a bosonic gauge theory on the fuzzy 
sphere in the continuum limit and interpreted as the UV/IR mixing. On the other hand, by 
shifting /i in ( I3.30p . one can always cancel the vev of the one point function for the overall 
U(l) field and might obtain the commutative gauge theory. However, in any case, we cannot 
follow this prescription because it breaks supersymmetry. Here we have obtained an evidence 
that in our case the UV/IR mixing is avoided, that is, the noncommutativity vanishes in the 
continuum limit, in a way compatible with supersymmetry. 

If we consider the theory around (I3.30p with (I3.55P and (I3.56P that would realize A^ = 4 
SYM on Rx S^, we find no T-dependent divergences in (l4.1Up . Furthermore, (l4.1Up vanishes 
for fixed s in the T -^ oo due to the summation over t. In this case, the gauge corresponding 
to (14. ip reduces naively in the limit (13.560 to the Feynman gauge in A/" = 4 SYM on i? x 5*^. 
The isometry of S^, SO{A) = SU{2) x SU{2), is manifest in Af = 4 SYM on R x S^ 
with the Feynman gauge, and all the tadpoles vanish due to this isometry. The symmetry 
corresponding to one of the above two 5'f/(2)'s already exists a priori in our theory, while 
the other does not. Vanishing of (I4.10p is a signal for the restoration of the 5*0(4) symmetry 
in the continuum limit (I3.56p . If this restoration and the vanishing of the noncommutativity 
is indeed the case, we obtain a commutative gauge theory with sixteen supersymmetries on 
R X S^. This theory should be nothing but A/" = 4 SYM on i? x 5*^ unless we perform any 
extra fine-tunings. Thus we have found an evidence that the superconformal symmetry is 
restored and our formalism does work well. 

Next, we calculate the fermion self-energy in the theory around (I3.30p with (I3.55P and 
( I3.56P at the one-loop level, and compare the result in A/" = 4 SYM on Rx S^. The fermion 
self-energy is given by the truncated two-point function {ipf^l {p)ij'^j'm'K'A'iP')ki)i ^'^^ this 
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..Q.. ..Ci.. -O.. 

(F -a) {F- h) {F - c) 

Figure 3: Diagrams for the one-loop self-energy of ip^. The curly line represents the prop- 
agator of Xj. The wavy line represents the propagator of At. The solid line represents the 
propagator of ^ab- The dashed line represents the propagator of ip^. 

takes the form 

2'k8{p - p')Sss'Stt'S%6u5jkh.J'8mm'^^jil{p)- (4.12) 

The diagrams which contribute to the fermion self-energy at the one-loop order are shown 
in Fig. 3. We list the value of f2j^j,(p) for each diagram in appendix C 

We set the external indices to specific values to calculate the leading contribution in the 
continuum limit (13.561) : s = t = 0, k = k' = 1 and J = 0. The divergent part of VLq{^ [p) for 
each diagram is evaluated as 



{F — a)K=K'=i,j=o 



W 



2 ^ iVo-l+§ 






2i?i + 3 1 2/?i-l 1 

Ri + l ' I- (2i?i + I) ^ Ri ' 1 + (2i?i + \] 



+ w.^ ,' /^^ + ^ 



Rl + l /-{i?i + V^i(i?i + l) + |} V Rl l + {R, + ^R,(R, + l) + l} 



AT -/ - - InT - -^N -- + - InT, 



H^ \ AJ /i2 V 2 8 



(F - 6).=.'=i,j= 



W 



2 2 JVo~l+f 



^^E E 



i?i + l 1 / i?i 



4^^\r/^ 3 



iV - + - InT. 



/x2 '■ V2 ' 8 
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T 
2 



No-l+i 



'vE E 



r(,i I 2 



i?l + l 



1 



2i?i + 1 / + (2i?i 



+ 



i?i 



1 



2i?i + 1 / - (2i?i 



/x 



2 N[-l + -\lnT, 



(4.13) 



where / = p/fi. Note that we find no A^o-dependent divergences in each diagram. This is 
consistent with the fact that (2+l)-diniensional gauge theory is super renormahzable. We 
find that the divergence in T is logarithmic in each diagram. This is again consistent with 
the fact that the fermion self-energy has only the logarithmic divergence in four dimensions. 
In A/" = 4 SYM on R X S^, the fermion self-energy is given by the two point function 
{'^jmfhKip)ij'^j'm'rh'K'A'iP')ki), whcrc J and J are the spins for the two S'f/(2)'s of the isometry 
of S^. In the Feynman gauge to which the gauge corresponding to (14.11) reduces naively in 
the limit (13.561) . it takes the form 



27t6{p - p')6i>6ii6jk6jj'6mm'Smm'Snf^'^J ip) ■ 



(4.14) 



By using the technique in [44], we evaluate each diagram in Fig. 3 in the Feynman gauge. 
As in [44], we introduce naive cutoffs for the angular momenta and evaluate the divergent 
part of n J {p) for each diagram as 



(F - a)s^ 
{F - b)s^ 



N X 



{F - C)53 



l + - J + 



D) 



ln(2A) + 



J + 



ln(2A) 



{-("») 



ln(2A), 



A^x 3 X <^/ 



fX^ 



J 



)] 



ln(2A). 



(4.15) 



The cutoffs for the angular momenta break the gauge symmetry and supersymmetry. Nev- 
ertheless, the coefficient of the logarithmic divergent part for each diagram has a universal 
meaning. We find that (I4.13P completely agrees with the continuum case (14.151) under the 
identification A = T. This fact provides an evidence that in the continuum limit (13.561) our 
theory reproduces A/" = 4 SYM on _R x S^. 



25 



Furthermore, we put s = 1, t = 0, k = 1, k' = —1 and J = |. For k ^ k', the fermion 
self-energy in A/" = 4 SYM on i? x S*^ in the Feynman gauge vanishes due to the S'0(4) 
symmetry, while it does not vanish a priori in our theory because the S'0(4) symmetry is 
not manifest in our theory. However, it turns out that there is no divergence in '^\^_^{ji) 
for each diagram and it vanishes due to the summation over the blocks (the summation over 
u in (14.131) ). This is another evidence for the restoration of the S'0(4) symmetry, which 
implies the restoration of the superconformal symmetry if the noncommutativity vanishes. 

5 Conclusion and discussion 

In this paper, we proposed a nonperturbative definition of the 't Hooft limit of TV = 4 
SYM. We realized A/" = 4 SYM on i? x 5^ as the theory around a vacuum of PWMM. 
The size of matrices plays a role of the ultraviolet cutoff. Our formulation preserves the 
gauge symmetry and the S'f/(2|4) symmetry. S't/(2|4) is a subgroup of S'f/(2,2|4) which is 
the superconformal symmetry possessed by A/" = 4 SYM on i? x S'^ . In particular, sixteen 
supersymmetries among thirty-two supersymmetries in A/" = 4 SYM on i? x S''^ are preserved 
in our formulation. We calculated the tadpoles and the fermion self-energy at the one-loop 
order. The results give some evidences that the UV/IR mixing does not exist and the 
5'f/(2,2|4) symmetry is restored in the continuum limit so that our formulation does work 
well. 

We should collect more evidences for the restoration of the superconformal symmetry. 
Higher-loop calculations are needed. Of course, the restoration should eventually be con- 
firmed nonperturbatively. 

The numerical simulation for our theory can be performed based on the method in [39-41]. 
Unfortunately, the size of matrices available at present seems too small for the continuum 
limit (I3.56p . It is now possible to perform the numerical simulation for the theory around 
(I3.30p . for instance, with s taking only 1 and Ni = N and to take the continuum limit 
that would realize the 't Hooft limit of 2+1 SYM on i? x S*^. Then, we can compare the 
results of the numerical simulation with those predicted by the gravity dual [25] to check 
whether the UV/IR mixing is avoided. Anyway, we believe that the numerical simulation 
for our theory will be possible in the near future. It is also desirable to develop an analytical 
(approximation) method that enables us to analyze our theory at strong coupling. 
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By using the result in [47], we can easily construct as a physical observable the Wilson 
loop in our theory that corresponds to the ordinary Wilson loop in A/" = 4 SYM on RxS^. We 
can also consider the BPS Wilson loop [55,56] by including the matter degrees of freedom in 
the loop. It is important to calculate the vev of these Wilson loops in our theory analytically 
and numerically in the strong coupling regime and compare the results with the predictions 
of the gravity dual [57-59]. We also hope to find the integrable structure of A/" = 4 SYM at 
strong coupling by analyzing our theory. 
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A Fuzzy spherical harmonics 

In this appendix, we summarize the properties of the fuzzy spherical harmonics analyzed and 
summarized in [21] (see also [32,33,60-63]). Let us consider (2j + 1) x (2j' + 1) rectangular 
complex matrices. Such matrices are generally expressed as 

M = Y,Mrr'\jr){fr'\. (A.l) 

r,r' 

We can define linear maps LjO, which map the set of (2j + 1) x (2j' + 1) rectangular complex 
matrices to itself, by their operation on the basis: 

L, o \jr){j'r'\ = L?l|jr)(jV| - \jr){jV\I^'\ (A.2) 

where Lf are the spin j representation matrices of the SU{2) generators. LjO satisfy the 
SU{2) algebra [LjO, Ljo] = ie^fcLfcO. 

We change the basis of the rectangular matrices from the above basis {\jr){j'r'\} to the 
new basis which is called the fuzzy spherical harmonics: 

yJMn') = v^5^(-l)-^-+^'C^™,_,,br)(jV|, (A.3) 
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where Nq is a positive constant, which is taken to be an integer as an ultraviolet cutoff in 
section 3. For a fixed J, the fuzzy spherical harmonics also form the basis of the spin J 
irreducible representation of SU{2) which is generated by LjO 

(LjO) Yjm{jj') = J{J + l)Yjm(jj'), 

L± o Yjra(jj') = a/(J =F m)(J ± m + l)yjm±ioy)' 

L3 o Yjmijj') = mYj„,(jj'). (A.4) 

The hermitian conjugates of the fuzzy spherical harmonics are evaluated as 

yjn.in')f = {-ir-^'-''^Yj_^U'j)- (A.5) 

The fuzzy spherical harmonics satisfy the orthonormality condition under the following nor- 
malized trace: 

T^tr < (Yjmijj')) Yjim'dj') \ = hj'^mm', (A-6) 

where "tr" stands for the trace over (2j' + 1) x (2j' + 1) matrices. The trace of three fuzzy 
spherical harmonics is given by 

AJimiOi") _ 1 .^//v Vv V 

O7 /,•,•/^ 7 /„•/,•/;^ = ^I^^tir < l.hm,(-ii"\ -f .7om.>rii'~) -f J- 



= (-l)^^+^+^'ViVo(2J2 + 1)(2J3 + l)CiZjsm3 { / f '^■]' (A-7) 

where the last factor of the last line in the above equation is the 6-j symbol. 

We also introduce the vector fuzzy spherical harmonics Yj ,■■,.■ and the spinor fuzzy 
spherical harmonics Yj ,■■,., where p takes -1,0,1 and k, takes -1 and 1. They are defined 
in terms of the scalar spherical harmonics as 






Qp In Qp(jj') ' 



n,p 



yjm{jj')a - 2^'^u7^cXup{jj')i (A-^ 



2 
P 



where Q = J + 5pi, Q = J + 5p_i and U = J + 6^1, U = J + (5^-1. The unitary matrix V is 
given by 

1 /-I i\ 

(A.9) 
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The vector fuzzy spherical harmonics and the spinor fuzzy spherical harmonics satisfy 

ieijkLj o Yj^yj,^j^ + Yj^yj,-^^ = p{J + l)Fj^(.^.^.,)j, 






[(ri)apU O +7'5a/3 ^jW)/? = '^ K + 7 ^JMn')a- (A-IO) 



Their hermitian conjugate are 

P \ ^ (_T\rn-{j-j')+lYP 

Jm{jj')iJ \ "-J ^ J-m(j'j)i-> 

V>K \ _ /I \m-(j-j')+Ka+l-(>«; I'A 111 

Jjm{jj')aJ — { ^) ^J-m{j'j)-aJ l^'-^-LJ 



and they satisfy the following orthonormal relations: 

1 r Z.-^.. \ t 



^ tr< (^^jm(jj')V ^'ni'(ii')* f ~ ^JJ'^mm'^pp', 



— tr< (F/^Q-jv)^) ^j^m'Oi')" f ^■^-^"^™'""^'^'''' (^-12) 



1 ( /- .. \ t 

-1 

We can evaluate the trace of the three fuzzy spherical harmonics, including the vector har- 
monics and/or the spinor harmonics, as follows: 

jyjmij'j) = _^j- J (y (■,-\]Y'^'^ Y^'^ 

Jimi(j'j")pi J2m2(j"j)p2 JY [\ J"^U3)J Jimi{j'j")i J2m2{j"j)i 

= ^3No{2J + l)(2Ji + l)(2Ji + 2pl + 1)(2J2 + 1)(2J2 + 2pl + 1) 
X (-l)^-^-^-^--4S I ijc- ^ ,_{/, t ?}• (A.13) 



^Jimi{jj')piJ2m2{j'j")p2J:im3{j"j)pa 
~ ^^^ Nn V •^i™iO'i')« J2m2(j'j")j J3m3(j"j)k 



6No{2Ji + l)(2Ji + 2p2 + 1)(2J2 + 1)(2J2 + 2pl + l){2Js + 1)(2J3 + 2pl + 1) 

^ ^ \q3 Q3 J V ^1 ^2 ma y l^ ^ W ^ ^ 



J2m2{j' j")k2 Jm(j"j) AT I I ,J\ra\{j'j)a] J2m2{j'j")a Jm{j j) 



2No{2Ui + 1)(2J + 1)2(2J2 + 1)(2J2 + 2) 
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X (_i)^.+2.w|S I i}c£-,„{5^i ^ ^]. (A.15) 



^J2m2{i'j")K2 Jm{i"i)p - JY^^^ H-^Jimi(j'j>y ^<^fi^ J2m2U'J")P JmU"J)i 



6No{2Ui + 1)(2J2 + 1)(2J2 + 2) (2 J + 1)(2J + 2p2 + i) 

C/i (7i f 



X 



-1)^-^^^^^^^'{S I I}^S:Sq.{?1 ^ ?}• (A.16) 



B Harmonic expansion 

In this appendix, we make a harmonic expansion of the theory around (13.301) of PWMM. 
This harmonic expansion enables us to perform the perturbative calculation of the theory in 
section 4. First, we make a replacement Xj —* —^Li + X.i in (13.41) and add the gauge fixing 
and the Fadeev-Popov terms (14.11) . The resultant action is 

C qgo-uge I qgauge , qmatter , qmatter /t3 i \ 

>JPW+gf+FP — >Jpw,free ">" '-' PW,int "•" '-'PWJree '^ '-'PW,int' \^-^) 

where 

2 2 \ 

-^{X, + ie,,k[L,,Xk]f + ^[U,X,f + lc^lc + l^^''c[U, [L„c]]j , (B.2) 

S'pw%t = ^^ / dt Tr (-z{d,X,) [A, X,] - ^^[A, X,] [L„ A,] - i [A, X,f 
9pwl^ J \ ^ 

+ i^-^ijkiXi + ieiim[Ll, X.rn\)XjXk + -tijk^-ilmXjXuXiXm 



-z/i[L„c][c,X,]-94A„c]j, (B.3) 

S'^wfree = ^^ / dt Tr (ldt<l>ABdM'' - ^<^AB<^^'' + ^{U, ^Ab][U, <I>^^] 

-z^J,9,V^^-/i^i(^^^ + a^[L„^^])') , (B.4) 



Sp^Zt = -2^ [dt Tr (-tidt^AB)[At, $^^] - ^[A„ ^AB][At, $^^] - /i[L„ <I>^b][X„ $ 

9pw^^ J \ ^ 
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+ij\a^[X,,ij^]+ij\a'[^^^ {ij^f] - {ij^fa^i^AB^r]) ■ (B.5) 

We make a mode expansion of the (s, t) blocks of the fields in terms of the fuzzy spherical 
harmonics defined in appendix A: 

^=lis-Jt|m=-^ J=\js-jt\m=-J 

c''''= E E^S^®^^-(--0' ^"^^''= E E^"S^®^...(..), 
= E E 'AS"®fio.,.)+ "e" E-A'i;-!®*:/™.,..,. 

^=|js-Jt| m=-J-i J=|j^-jt|- 1 m=-J 

V'r'=E E E *'2:5l®n;.o„., 

K=±l(7=|j^_j^|m=-C/ 

= E E ^A,'jml ® ^Jm(iti,) + E E ^AJm-l ®^Jm(itj,)' 

^=lis-it| m=-J-| J=|j^_jj|-i m=-J 

1 js+jt Q 

^i ~ 2^ 2-^ Z^ ^Jrnp >» -^ Jm{jsjt)i 

P=-^Q=\js-jt\"^=~Q 

js+jt J+1 js+jt J 

= E E ^^'"l ® yjm{jsjt)i '^ Z-^ Z-^ ^JmO ® y Jm{js3t)i 

J=\is-jt\ m=-J-l j=\j^-j^\ m=-J 

+ "E ' E 4^1i ® ^Jio.,.). (B.6) 

J=\js-jt\-lrn=-J 



Note that the modes in the right-hand sides of the equations in (IB.6P are A^^ x At matrices 



By using the properties of the fuzzy spherical harmonics summarized in appendix A, we 
rewrite the free part of (jB.ip in terms of the modes as follows: 



qgauge . nmatter 

'^PWJree "i" '-'PWJree 



^Jdt trr-i-ir-'---^^'4t{-9t - p'-f - p'wi-J + i)}4*lp 
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(B.7) 



where 



9 9pwf^ 



3. 

A' 



UJ^=^{J+^), UJ^j=ll{J + 



(B.8) 



We can read off the propagators for the Fourier transforms of the fields from flB.7p as 



{-l)^-U^-^^)+Hjj,5^.m'5,p>5st'6u'5u6,k2'n5{p + p')d^ (p ^ 0) 



(^Jmp(p)ii^JWp'(p')M) 



r,2 



w 



p^-P^J{J + l) 



pAB,JrniP)iAA'B',J'm'ip')kl) = -eABA'B'{-l)"^'^^"'^'^ SjJ'Sm-m'Sst'Sts'Sil6jk2TT6{p + p')— 



a2' 



,A{s,t). 



,{s',t')] 



,^ig^{p + Kuj'll) 



{'4'jmK {p)i3^A']j'rn'K' {p')kl) = ^jjidmm'^KK'^ A'^ss'5tt'5il5jk2'n5{p -p , „ 

p2 — UJj 

The gauge part of the interaction terms in ( JB.ip is rewritten as 



P^-UJj 

(B.9) 



qgauge 
'-'PWAnt 



dttT 



{«.*) {f) ^{t.") ^{«.«) 



~" "^^Jimiijsjt) J2m2{jtju)p2 Jirni{jujs)p-i^ Jimi\^t'^ J2m2p2^ Jz 



— X 



{t,u) 



P2 Jzmaps J2m2p2 * ■hrnsp-j, 






m2{jtju)0 ■hmz{jujs)pi 



v/Ji(Ji + l)V 



J2m2ijtju) J3m3(jujs)p3 Jimi{jsjt)0) 



+ P{\/J2{J2 + l)^Jimi(>it) J2 

V R*^"*'*) Tj{t,u) (u,s) 
^ -"Jimi-^Jama-^JsmsPs 

^ l-'^Jimi(jsii) J2m,2Utju)p2 J-m{juja)p^J4,m4,{jvjs) Jm(jsjt)p Jam^ijujvjpa''^ Jimi-'^ J2m2p2^ Jamspa-^ JiUii 



-V 



iAnT) 



Jimiijsjt) J2iri2(jtju)p2 J-m{juJ3)p^ Jzmzdujv) Jimi(jvjs)pi Jm(jsju)p'^ Jimi-'^ J2m2P2 Jama''^ J4m4P 



B 



{s,t) {t.u) j^{u,v) {v,s) 
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{s,t) {t,u) {u,s) 



' ^A'-PllPl T ^)^Jimi{jsjt)pl J2m2{jtju)p2 J3iri3{jujs)p3-^ Jimipi-'^ J2m2P2''^ Ja 
_| ( _l\m~{js-ju)+l g 



msps 



£.1 



J-'m{jujs)p Jimi{jsjt)pi J2m2{jtju)p2^Jm{jsju)p J3m^('jujv)p3 J4m4{j^js)p. 

(s,t) (t.u) (u,v) iv,s) 

•^ J\mT,px-^ J2m2p2 Jzra■ipz^^ -hm^pA 

^PV ^3W3 + -Lj {^J2m2ijsjt) J3mi{jtju)0 Jimi{jujs)piCj^rn2^J3m3-'^Jimipi 

-A {s,t) {t,u) -{u,s) \ 

~ ^J2m2(jsjt) Jimi{jtju)pi J3iri3(jujs)0^J2m2-^Jiinipi^J3m3) 



+ '^Jimiijsjt) J2m2{jtju) Jimi(jujs)^J^mi\^t^J2m2^J3m3 + '^J2m2 *'"J: 



ama; 



(B.IO) 



The matter part of the interaction terms in fIB.ip is rewritten as 



dt tr 



ABCDf 



>(s,t) 



omatter 
^PW,int 

1 

""" 2 -'imiO'sit) J2m2(jtiu) •^'"O'si") J^mzijujv) Ji-rrnd^js) 



(t,u) 



,(u,s) 



,(*,«) 



,(m,s) 



'-Jimiijsjt) J2m2{jtju) J3m.3iJujs)'^Jimi\'^t^AB,J2m2^CD,J3m3 ~ ^AB,J2m2^'^CD,J3 



,(s,t) D(t.«) J,(«.^) 



t(^.s) 



5 



(s,t) ,(*,«) 



s 



(".^) J>('''*) 



X (B^ ' ' B^ ' ' 6^ ' ' 6^ ' - 

^ Jimi J2m2^AB,J3'm3^CD,J4m4 ^ J\m\'^^ AB, 32^12^ Jz'mz'^^CDyJinn 
-e (VJ2(^ + l)^Jimi(j,it 



{jsjt) J2m2(jtju)0 J3m3{jujs)p3 



V Jl{Jl + ^jl-^.J2m2(jtu) J3m3{jujs)p3 Jimi{jsjt)0)(PAB,Jimi'PcD,J2m2^J3m3P3 



+ r 



ABCD 



(-1) 



ni-(is-ju)+l 



(s,i) /(<,«) 



(M,f) /{v,s) 



^ K^JiiriiiJvjs) Jm{jsju)p J3m3{jujv)p3^J2m2{jtju) J-m{jujs)p Jim-i{jsjt)pi^ Jmnpi^ AB,.J2m2^ J3m.3P3^CD,JAmi 

^J4m4(jr„j„) J3m3{j^js)p3 Jm{jsju)p^J2m2{jtju) J-m{juJ3)p Jimi{J3Jt)pi^Jj^m,ipi'+'AB,J2m2^CD,Jim4^J3m3P3J 

_|_ }_^ABEF CDGHnJm{jsu) p 

""" o^ ^ ^Jiniiijsjt) J2m2ijtju) -^"^(j":)^) ■^3m3{jujv) J4m4(jvjs) 



X 



^(^,t) 



,(*,«) 



i{u,v) 



/,{".«) 



,(«,*) 



,(t,«) 



,(«,«) 



/,(":«) 



^AB,Jimi'fCD,J2m2l'EF,J3m3'f^GH,J4m4 '^'AB,.Jxmi'yEF,.J2m2't'CD,J3m3^GH,.J4m4> 



^Jimi(jsjft)K 



Ji-mi{jtjs)Ki .J3m3(jsju)^ AyJ\m\K\ J3m3^J2m2K2 



'{*,t)t 



,A(S,«) p{M,t) 

3»n.3 



,(s,t)t (s,«) ,A(«,t) 

■^l-mi(itis)Ki J3m3(jsiu)p3^^:'^l"^l'*l J3m3P3^J2m2K2 



J2m2{jsju)K2 J3m3{jujt)^A,JimiKi'f^J2m2K2 J3 
' _l\m3-{js-ju)+ ''^l''^ g'h-^2{jtju)K2 

'^^J2m2{jsju)K2 J3m3(jujt)p3^ AyhmiKi^ .J2m2K.2 J3m3P3 

^^ABCD f (-^\m-i_-(js-jt)-^ p-hm2{jtju)K2 



P3J 

Ji-mi{jtjs)Ki J3m3{jsjur A JimiKifc 0^37713'^ B,J2m2K2 



,(t,«)t 



+ (-1) 



m2- 



(ju-js)-^ -frJiniiiJsjt)^! 



-r 



,,(«,t)t 



,(M,s)t ,(u,t) 



J2-m2iJ3Ju)K2 J3m3{jujt) ^AJimiKi 'rB,J2m2K2^CD,J3m3 

) 



j ((_']\->n2-Uu-js)-^'pJ-2--nT'2(jsju)K2 iA,(s,t) ,(t,u) jBiu 

*V '^ -^Jimi(jsjt)Ki J3m3(jtju)^Jimini^AB,J3m3^J2m2H2 



+ (_l)-r 



-iJs-jt)-^-p-Ji-'n^l(JtJs)'ii j.M'^^t) j.B(t,u) ,(u,s) 

J2m2{jtju)K2 J3m3(jujs)^JimiKi ^J2ra2K2^AB,J3m3 



(B.ll) 
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C Fermion self-energy 

In this appendix, we list the value of ^j^lr{p) for each diagram of the fermion self-energy in 
Fig. 3: 



(F-a) 
= _^ 



NNo\^i2U + l)i2U' + l)6-^ 



uu' Yl 
UR1R2 



(2i?2 + l)(2/22 + 3) 




2Ri{2Ri 



{Rl+y/R2{R2 

(u Ri R2I ff/' -Ri -R: 

\ju js jt ) \ju js jt 



{F-h) 






NN^sJ{2U + l){2U' + l)5uu' Yl 



X 



(2i?i + 2)(2i?i + lj 

) + !: 



+ 



/ - (i?i + V^2(^2 + 1 

2Ri{2Ri + l) 

A' 



UR1R2 

U 
Ri 



{2R2 + 1)^ 

R^UhT 



l + {Ri + y/R2{R2 + l) 



^ 1 

Ri \ 
R2 R2 

u u 



u 



Ri 



Ri 



? 



X 



U Ri R2 

ju js jt 



U' Ri R2 

ju js jt 



R2 -R2 



+ (-11 



Ri + 
R2 

u u 



Ri 2 
R2 



Ri 



i?2 



1 

-Ri 2 
-R2 



U Ri R2 

ju jt js 



U' Ri R2 

ju jt js 



{F-c) 



(C.l) 



(C.2) 
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= - 


-^NNo^J{2U + 1){2U' + l)6uu' Yl (^^^ + 1) 




^ URIR2 


X 


I + {Ri + R2 + i) [ R2 R2 0) { R2 R20) 


+ 2i?i(2i?H 


1 f ^ '^ fl f '^ ^' 5I 




'/-(i?l+/?2 + i)l R2 R2 0J\ R2 R20} 




X 


fURl R2\(U' Rl R2\ I / ;^\1 «+/ fi/ i?i K2I fc/' iJl iJ2l 

\iii js jt)\ju js jt j ^ ' \ju jt js)\ju jt js j 


where 


I = p/fi. 







(C.3) 
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